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The structures of the boundary layer are investigated using the example of the axisymmetric problem of the theory of elasticity
for a radially multilayered cylinder with alternating hard and soft layers. On the basis of an asymptotic analysis of the problem,
an applied theory of stretching is proposed, which takes into account weakly decaying boundary-layer solutions. The propagation
of asymmetric waves in a radially multilayered cylindrical waveguide is investigated. © 1998 Elsevier Science Ltd. All rights reserved.

It was shown in [1, 2] that for multilayered bodies with alternating hard and soft layers, weakly decaying
boundary-layer solutions exist which penetrate fairly far into the depth of the region and which provide
an important correction to the penetrating solutions. The method used in those papers was extended
in [3] to problems of steady torsional oscillations of a radially multilayered cylinder with alternating
hard and soft layers.

1. We will consider the axisymmetric problem of the theory of elasticity for a circular radially
multilayered cylinder consisting of alternating hard and soft layers with numbers n = 2r — 1. We
will assume that the inner and outer layers are hard. Each hard layer is given an odd number
j=13,...,n,while each soft layer is given an even number i = 2, 4, ..., n — 1. We will assume, for
simplicity, that the elastic properties of all the hard and soft layers are the same: the shear moduli
G; = G, G; = G, Poisson’s ratios v; = v,, v; = v, and the densities m; = m,, m; = m,. Suppose the
cylinder occupies a volume I' = {r € [ry, 1], ¢ € [0, 2x), z € [-L, L]}. The inner and outer radii of the
kth layer will be denoted by ry and ry, respectively.

The equations of ¢quilibrium of the kth layer in terms of displacements in dimensionless variables
have the form
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a=p+ A =2 12 y,
1 acz' 1 -a—pi- pap, =L4,..4n

We will assume that the side surface of the cylinder is stress-free, i.c.

Gpa (Por»0) = 0 (Po1,£) =0
o5 (014, 5) =05 (P1,, {) =0 (1.2)

We will assume the connection between the layers to be rigid, which means that the following matching
conditions are satisfied

G (plm’c) = “m(Po.m+1 'C)’ “m(plm!g) =Wy (pO.m+] ’C) (13)
o, = (O':,"','),O':,E')), u, = (upm’qu); m=12,...,n-1

We will assume that arbitrary boundary conditions, which maintain the cylinder in equilibrium, are
specified on the ends of the cylinder.
We will seck the solution of problems (1.1)—(1.3) in the form [4]

uor = (P) @’(Q), gy = wi(p) a(t) (1.4)
where the function a({) is subject to the condition
a”(6) - a%a©)=0

where o is a certain parameter.
Substituting (1.4) into (1.1)—(1.3) we obtain the following non-self-conjugate eigenvalue problems

(Lot + Ly + 0% Loy + Ly = L)) v, =0
M, (02) Vi (Por) = M, (@) v, (P1,) = 0 (1.5)
M (02) Vo (P1) = My (07) V1 (P, ma)

A (plm ) =Vm+l (pO,m+l)

where v; = (4, w,) and L, and M, are matrix differential operators of the form

1 1 d
A-— 0 0 ———
Lo={"" p* I, Lu=f 20-v,)dp
0 A, 00
0 4
_ 2(1-v,) dp
Lu= 1 (a4 1
—+—|0
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1-2v,
L, = 21~V
k 0 2(1-vy)
1-2v,

M (0?)= My, + My, +a® (M, - M)

G ((1-vk)—d-+ﬁj 0
M0k= l_2vk dp P
0 G <-
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GV, GV,
0 0 G,

2. We will introduce the small parameter p = G/G, as a characteristic of the relative stiffness of the
layers and we will investigate eigenvalue problem (1.5) asp — 0.

Eigenvalue problem (1.5) reduces to investigating a certain homogeneous algebraic system with a
matrix whose elements depend analytically on the eigenvalue parameter o and linearly on the parameter
p. Applying the theory of perturbations of linear operators [5] to this algebraic system, we conclude
that the following theorem holds.

Theorem. The spectrum A(p) of problem (1.5) as p — 0 can be represented in the form

AP =Ag(P)U AP VAL (PYU AP (p)

where
1. Ay(p) consists of the double eigenvalue oy = 0;
2. A_(p) consists of 2(r — 1) real eigenvalues of the form

@, = p¥n, +0(p%) @1)
were 1, is a non-zero eigenvalue of the homogeneous Jacobi algebraic system
CX-12BX=0 2.2)
X=(X,X;,-.. X,), B=diaglb;} b;=0+v,)0% ~p3))
q -¢ 0 00 0

-1
—C, C;+Cy —Cy -0 O 0 :
C= ml 1 +¢C3 —Cy ,, cj=[ln Po,j+2
sen ese  sse eas eas see plj
0 -0 - n-2 Cn-2

3. AP(p) consists of r sets of eigenvalues of the form

o’ =a,; +0(p%) 23)
where a; is the root of the equation
a'pd ijsz}oo +a’pg () E}ox +°‘2P12,'fo,' (o) Efyg +
+fo;(@) £;(@) Ejyy — 477 (fy;(0)+ f; (0)) = 0 24)

Egy = Jp(0P0r) Yy (0py) = J, (apy; ) Yy (apy, )
fy(@)=a?p}; +2(v, -1); B,y=0,1

4. AD(p) consist of r — 1 sets of eigenvalues of the form
o =a, +0(p%) (2.5)
where o is the root of the equation
o?pgipii(Effy + Efoo + Ejo + Eigy) ~ 401~ V,) poip¥ (EjooEuno + En\ Esgr ) -
~4a(1-v,) P3Py (EinyEno + EigoEior ) +

+16(1-v,)? po;py;EigoEiry — 472(p3; +p2) =0 (2.6)
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Here J;, Y, are Bessel functions of the first and second kind respectively and 8 = 1 if none of the
roots of qus &.4) and (2.6) is the same, or if there are some roots that are the same but with the condition
thati# j+ 1,i# j—1,and 8 = 1/2if wheni =j + 1 ori = j — 1 the corresponding equations have at
least a pair of similar roots.

The double eigenvalues oy = 0 define Saint-Venant solutions, which penetrate without attenuation
inside the cylinder. These solutions have the form

usp) = Do(=v,pXo +O(P)), 1y’ = Xo(Eg + Do)
Xo = (b” +b33+...+b'm )-% (2.7)

(Ey and Dy are arbitrary constants).
The boundary-layer solutions are defined as the sum of elementary solutions of the form

D) = u, (0) 4/(©), ulp =wu (P a, &)
a,(§) = D, exp(a,L) + E, exp(-a,§)

Here D, and E, are arbitrary constants, oy, (4, wy,) are eigenvalues and eigenfunctions of problem
(1.5) and Re o, > 0.

It follows from the theorem that in the case of a radially multilayered cylinder with alternating hard
and soft layers there is a finite number of eigenvalues belonging to A«(p), which, for small p, tend to
zero. This means that the elementary solutions corresponding to the lower part of the spectrum of A_
(p) as p — 0 can penetrate fairly deeply far from the ends and provide a considerable correction to the
penetrating solution. This leads to a breakdown of the Saint—Venant principle in its classical formulation.
The set of these solutions will be called a weak boundary layer. The eigenvalues belonging to AQD(p),
A(f)(p) as p — 0 have finite limits. The elementary solutions corresponding to the upper part of the
spectrum of AQP(p) and AP(p) decay strongly with distance from the ends. This set of solutions will be
called a strong boundary layer.

Note that for small p the stratification of the spectrum into “lower” and “higher” parts will be more
pronounced the greater the difference inf, ,0u —sup,kpmn,.

The distribution of the displacements over the radii of the corresponding weak boundary layer in
the elementary solutions can be represented in terms of the eigenfunctions X, = (X, X3, . . . , X,,) of
algebraic system (2.2) as follows:

Uy = F (g + O(p)), Wy = F(Wyo +O(p))
Uio ==V, PXj, wio =X, (2.8)

Uyo = (40;(V; = 1)(1g; — 1)) 4V, 1) v, +1)x

XPtz)iP-l - sz.')("o.' =T - PW T Xy ) -

~((4v, =D v, +D plp™ (P% - p§) (Tg; = 71,) — P, Tg;) Xy, ]
Wio = (Toi — "71:')_l (ToiXiv1 = T1iXio1,)
P p

T =ln=—, 1,=In*-, o =p%-ps
i Poi i Puii i 1i pO

Here F, is a normalizing factor.

3. It was shown in [1, 2] that the lower part of the spectrum corresponds to a certain applied theory
which, in addition to the penetrating solutions, includes all weak boundary layers.

The penetrating solutions with a weak boundary layer can be given the following mechanical
interpretation. We will assume that the stress-strain state of the hard layers corresponds to
pure stretching along the axis of symmetry, while the soft layers possess Winkler shear properties.
These hypotheses enable the displacements in the hard and soft layers to be represented in the
form
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y ==V,085(0), uy =g;()

Up; =0, uy = Tor (T0i&i1 (§) = 1:8:-1 (§)) 31)
The stress—strain state in each of the hard and soft layers will then be as follows:

cg’ =2G,(1+v,) g;({)

cf,‘c) = Gy(P(To; = 1)) (811 (§) — 81 () (32)

The remaining components of the stress tensors are zero. In order to obtain the boundary-value
problem corresponding to the chosen model of the stress—strain state, we will use the Lagrange
variational principle

S[1-8A=0 33)
where 84 is the variation of the work done by the external forces and 8I1 is the variation of the

deformation energy.
To determine 84 we will use, for example, the fact that the following boundary conditions are specified

on the ends
Uy (P.-D=0, oP()=0y,
Oox =Coj» PEPg;:P1;li Gox =0, pelpg;pii] (34)

Assuming &g; to be independent variations, we obtain the following boundary-value problem from
the variational equatlon (3.3) taking (3.1), (3.2) and (3.4) into account

-Bg” +pCg =0 3.5)
g-H=0, Bg(h=d (3.6)
where
£=(8.83---8,), d=(d,ds,....d,), d;= ©®,;04;/(2G,)
If the solution of Eq. (3.5) is sought in the form
g=Xa({), a=p¥n
we arrive at problem (3.2).

In view of the fact that problem (2.2) is self-conjugate, the eigenvectors X, = (Xy,, X3, . . . , X, cor-
responding to the eigenvalue A, = 1> may be subject to the condition

(BX,.X,)= ) Zb,,X,:Xk =8, 3.7
j=1,

where A = 0 is the eigenvalue vector and the eigenvector Xy = (X, . . . , Xp) corresponds to it, where
X is defined by the last formula of (2.1).
The general solution of Eq. (3.5) can be represented in the form

r-1
g&)= Xo(Eg + Do) + 2 X, (E, exp(-a,§)+ D, exp(c,£))
t=1
The constants Ey, Dy, E; and D, can be found from (3.6), taking (3.7) into account, as follows:

n
Jj=13,...

D, =(2a, ch(2a,1)) ! exp(a,f) )_',d i B, =—exp(=20,)D,
j=13,..
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It can be seen from (3.1) that the displacement field corresponding to the particular solution
g = Xo(Eo + DoE) is equivalent to the Saint-Venant solution. The solution corresponding to the
non-zero eigenvalues 7, is the first approximation in p of the weak boundary layer.

4, As an example we will consider a three-layer cylinder. In this case
nf =i (bfi +533)

(b Y? % )
X =(X;1. Xp3), X“=(7b-?ljy}{0, X13=’(£3'-L) Xg, Xo=(byy +by3) %
1 3

For a three-layer cylinder with parameters: (1) po; = 0.3; py; = 0.4; pgs = 0.8; p13 = 1; v, = 0.25 and (2) pg; = 0.8;
P11 = 0.85; pgs = 0.95; py3 = 1; v, = 0.25 we obtain correspondingly n; = 4.4 and n; = 12.7.

In Fig. 1, for a three-layer cylinder, we show curves of the attenuation factor of the weak boundary-layer solution
as a function of the parameter —Ig p in cases 1 and 2, when p € [107*, 107']. It can be seen that as the stiffness of
the filler increases the depth of penetration of the weak boundary layer is reduced. Also, for a cylinder with a fairly
soft filler the weak boundary-layer solutions penetrate fairly far into the depth of the region. The depth of penetration
of the weak boundary layer increases as the cylinder thickness increases.

For a single-layer cylinder with an inner radius p, = 0.8 and an outer radius p; = 1 the attenuation factors of

the boundary-layer solutions are 2.8.

5. Consider the propagation of steady axisymmetric elastic waves in a radially multilayered cylindrical
waveguide, consisting of alternating hard and soft layers with number n = 2r - 1.

Assuming that the side surfaces are stress-free and the connection between the layers is rigid,
substituting into the equations of motion

(P, &, 1) = v(p)exp(i(ak - wr))

we obtain the eigenvalue problems
(Log +iolgy 07 Ly +Q%Lyy )V =0
Nl (a)vl (p0l)= Nn (a)vn(pln) =0 (51)

Nm (a)vm(pm ) = Nm+l (a)vmﬂ (Po,m+1 )

Vo (Pim) = Vg (po,m+l )

where Ly, and N, are matrix operators of the form

/|
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M2 0
L4k= k e_zly Nk(a)=M0k+iaM2k
k
ot om0’k _(G, o (a-vy)*
= s = s WS T g
Go m, 1-—2Vk
G m
Gk=_k’ m, = —% _
Go * my

is the dimensionless angular frequency, @ is the frequency of the oscillation and G, and mg are certain
characteristic parameters which have the dimensions of shear modulus and density.

-6. The determination of the wave pattern in a radially multilayered cylindrical waveguide involves
constructing the dispersion curves o = o,(Q2) defined by the eigenvalue set (5.1).

We know that homogeneous waves, propagating along the axis of the cylinder and transferring energy,
correspond to real eigenvalues o of eigenvalue problem (5.1). Imaginary and complex eigenvalues o
of problem (5.1) define inhomogeneous waves which do not transfer energy.

We will now investigate the real dispersion sets o(€2) since, for unbounded bodies, the main
characteristics of these waveguides are real dispersion curves o = 0,(Q).

Problem (5.1) with o = 0 describes thickness resonances. In the (c, Q) plane each curve intersects
the frequency axis at the point (0, ), where  are the frequencies of a thickness resonance, and is
the origin of the dispersion curves.

We will investigate the family of thickness resonance frequencies. To do this we will consider the limit
problem, putting o = 0. In this case (5.1) splits into two independent problems

(a) up =0, ug, = wi(p) (G4 =05 =0 =0)
(b) g =4 (), U, =0 (G =0)

The first problem corresponds to longitudinal shear oscillations while the second corresponds to purely
radial oscillations [7].

Theorem. Ay(p), Ax(p)—the eigenvalues of the problems corresponding to longitudinal shear
and purely radial oscillations as p — 0, are a denumerable set and can be represented in the form

AP) = Ao(p) VU A ()A12(P)

A2(p) = Ay (@) v Ap(p)

where
1. Ayo(p) is a set consisting of the double eigenvalue Q = 0 and 2(r — 1) eigenvalues of the form
Q, = phy, +0(p*)
where y? are non-zero eigenvalues of the homogeneous Jacobi algebraic system
CX-y*DX=0 (6.1)

D = diagl|d;li, d; = (pfj - p%,)/(Zl,z-) and C is a matrix, the same as in (2.2);
2. Aq1(p) is a set consisting of r sets of eigenvalues of the form

Q, =Qf) +0(p™)

where Q(ég.‘is the root of the equation

Ejn(€)=0 (62)
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3. Ajz(p) consists of r — 1 sets of eigenvalues of the form
Q, =QG; +0(p™)
where Q(&g is the root of the equation
Eipo(€1) =0 (6.3)
4. Ay (p) consists of r sets of eigenvalues of the form
Q, =Qf) +0(p*)
where Q(gg. is the root of the equation
W5QP0P1Ej00 (€5) ~ 21 1€7Po  Ejo (€, )+ P1Eji0(€2)))+4€}Ejy (€)= 0 (64)
5. Ay(p) consists of r — 1 sets of eigenvalues of the form
Q,; = Q) +0(p™)
where Q((Q. is the root of the equation
Ei(g)=0 (6.5)
Here ey = Q/ey, £y = Q/py; 8, = 1(3; = 1) if there are no roots that are the same among the roots
of (6.2) and (6.3) ((6.4) and (6.5)), but with the condition thati= j + 1,i# j—1,and §; = 1/2 (5, =

1/2), if fori = j — 1 ori = j+1 the corresponding equations have at least a pair of similar roots.
The eigenfunctions corresponding to A;g(p) have the form

Wie = Wie(p) + O(P) (6.6)

The function wy(p) is given by formula (2.8).

We will consider the construction of asymptotic approximations in the neighbourhood of (o, Q) =
(0, 0). When Q = 0 the point a. = 0 is a double eigenvalue of (5.1). Using methods of branching theory
[8] in the neighbourhood of the point (a, Q) = (0, 0), the solution of eigenvalue problem (5.1) will be
sought in the form

o= qu + ngz + oy Vp=Eve t+ QVI‘ + ... (67)

Substituting (6.6) into (5.1) we obtain a certain recurrent system, after integrating which we
obtain

. ; m (Ph —Por)
q = + ':"l " ; (6.8)
kZ_:l 2G (Pix —Por)
vor=(0,T)

Here T is an arbitrary constant. It can be seen from (6.8) that in the neighbourhood of the point
(0, 0) the formula

o =giQ(1 + 0() (6.9)

describes the origin of the first dispersion curve.
We will consider the behaviour of the dispersion curves when o and Q approach infinity. We will
assume that the limit of their ratio is a certain finite quantity, i.e. lim(Q/ct) as o — o0, Q — oo,
Dividing (5.1) by o and assuming c to be an eigenvalue parameter, we obtain a new eigenvalue
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problem which will be the operator analogue of the problem with a small parameter with a leading
derivative. We will investigate this problem using two iterative processes of the Vishik-Lyusternik method
9, 10].

[ Usi]ng the first iterative process we obtain values for the first term of the asymptotic expansion of
the phase velocity c(olk' = ey, c(g,)c = 1. The second iterative process is carried out in two versions: (1) in
the region of the boundary surfaces p = pg;, p = P, and (2) in the region of the interfaces
p=p1,,,(m=1,2,...,n—1).

In the first version the first stage of the second iterative process gives the curve of the problem, which,
together with this additional condition that the solution should decrease at infinity, describes a Rayleigh
wave, propagating along the free surface of the cylinder with phase velocity c;.

In the second version, for each interface p = py, in the first terms of the approximation we obtain
the conjugation problem, which, together with the additional condition that the solution should decay
with distance from the interface, describes a Stoneley wave, propagating with phase velocity c,.

7. As an example we will consider a three-layer cylindrical waveguide with a soft filler. In this case

i = (di +d53) (7.1)
dyy Y? %

X, =(X)1.X)3), X11=(%T/Xo, X|3=—[-d—') Xo. Xo=(dy, +dz3)™ %
1 d33

The first resonance: frequency has the form
Q, = piy, +0(p%) (72)

The corresponding form of the oscillations is given by formula (6.6) and (7.1).

These results enable us to conclude that in multilayer cylinders with alternating hard and soft layers at
low frequencies there is more than one propagating wave, unlike a uniform cylinder of the same thickness.

We will give some results of a numerical analysis of problem (5.1) for a three-layer cylindrical
waveguide. We will use Godunov’s discrete orthogonalization method [11] for this purpose.

In Fig. 2 we have drawn the real part of the dispersion curves for p = 103, myim, = 0.2; Po1 = 0.2;
P11 = 0.5; po3 = 0.6; py3 = 1.

The first dispersion branch, emerging from zero, as Q increases from zero to 1.7, approximates to a
straight line with a slope equal to the velocity of propagation of transverse waves in the hard layer.
Beginning at Q = 1.7, the slope approaches the phase velocity of longitudinal waves in the soft layer.
When o is increased further, for the first curve the asymptote will be a straight line with a slope equal
to cp.
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On the second dispersion branch, as Q increases the curve approaches a straight line with a slope

equal to the velocity of longitudinal waves in the hard layer. When 1.5 < Q < 2.8 the slope approximates
to the phase velocities of transverse waves in the hard layer.

When Q > 2.8, as Q increases further, the slope approaches the phase velocities of longitudinal

wav«(els) in the soft layer, etc. For the second curve the asymptote will be a straight line with a slope equal
to Coi -

N =

10.
11.

Note that formula (7.2) gives the values of the first thickness resonance with an error of 7%.
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